Abstract. Let R be a commutative ring with 1. For every homogeneous polynomial
Introduction
Let R be a commutative ring with 1, and let M = [m i j ] be skew-symmetric matrix. There are several equivalent definitions of the Pfaffian of a skew-symmetric matrix. In our computations with Maple TM , we have used a Laplace-type expansion along last row. For other definitions of Pfaffian, its properties and applications we refer the reader to [H] , [DW] , [G, Chapter 7] , [FP, Appendix D] . For a history of the Pfaffians we recommend [K] . where M {2d, j} is the (2d − 2) × (2d − 2)-matrix obtained from M by deleting both the (2d, j)-th rows and (2d, j)-th columns.
Definition 1.2. Let R be a commutative ring with 1 and let f (X 0 , . . . , X n ) be a homogeneous polynomial in R[X 0 , . . . , X n ] of degree d. Then f admits a linear Pfaffian R-representation if there exist 2d × 2d skew-symmetric matrices A 0 , . . . , A n with entries in R such that
Such a matrix M = X 0 A 0 + · · · + X n A n is said to be a linear Pfaffian R-representation of f . In the case n = 2, Beauville showed, among others, that every smooth plane curve f (X 0 , X 1 , X 2 ) in K[X 0 , X 1 , X 2 ] of degree d ≥ 2 admits a linear Pfaffian K-representation, where K is an algebraically closed field of characteristic zero, see [Bea, Proposition 5 .1]. Buckley and Kǒsir [BK] parametrise all linear Pfaffian representations of a plane curve. Two Pfaffian K-representations M and M ′ are equivalent if there exists X ∈ GL 2d (K) such that M ′ = X MX t . In [B] the elementary transformations of linear Pfaffian representations are considered, proving that every two Pfaffian representations of a plane curve f (X 0 , X 1 , X 2 ) of degree d can be bridged by a finite sequence of elementary transformations.
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In the case n = 3, Beauville showed that every smooth cubic surface admits a linear Pfaffian representation [Bea, Proposition 7.6(a) ]. Then Fania and Mezzetti [FM] showed that every cubic surface admits such a linear Pfaffian representation (see also [FMb] ).
The fact that a general surface of degree d admits a linear Pfaffian representation if and only if d ≤ 15 had been proved by Beauville-Schreyer [Bea, Proposition 7.6(b) ]. For d = 4, Coskun, Kulkarni and Mustopa [CKM] generalize the previous result: every smooth quartic surface admits a linear Pfaffian representation. Faenzi [F] proved that a general surface of degree d admits a almost quadratic Pfaffian representation if and only if d ≤ 15. In [CF] the Pfaffian representations with entries almost linear of general surfaces are considered.
In [AR, Theorem (47. 3)] Adler proved that a generic cubic threefold (n = 4) admits a Pfaffian representation. Then Beauville proved that every smooth cubic threefold admits a Pfaffian representation [Bea, Proposition 8.5 ]. On the other hand, Iliev and Markushevich showed that a generic quartic threefold admits a Pfaffian representation [IM, Proposition 1.2] . Brambilla and Faenzi [BF] also provide a proof, which is not computer-aided, about existence of Pfaffian representations for quartic threefold. The method used in both [AR] and [IM] is to prove that the differential of the Pfaffian map is of maximal rank in a particular skew-symmetric matrix M 0 with linear entries.
Independently, F. Tanturri and F. Han were interested on the explicit construction of linear Pfaffian representations for cubic surfaces. In [T] and [Han] algorithms are provided whose inputs involve a cubic surface f (x, y, z, t) in K[x, y, z, t] and whose output is a linear Pfaffian representation of f .
In this note, we focus on homogeneous polynomials
Our starting point was one Dickson's idea modified [D] . It was difficult to get explicit linear pfaffian R-representations of f (x, y, z) for degrees d ≤ 7. In acordding to our observations, we propose the following. [O] we have obtained explicit R-representatios by a less efficient method.
Empirical Method
Let we consider the 2d × 2d skew-symmetric matrix 
where m i j = a i j x + b i j y + c i j z. For all degree 5 ≤ d ≤ 25, we have checked that holds:
• The e i jk ' s are polynomials of degree 1 in the indeterminates Θ i jk , a i j , b i j , c i j .
• Since Pf (M) = f (x, y, z), we obtain a linear system of equations:
where the Θ i jk 's are parameters.
• The linear system of equations (S) always has a solution in R.
Therefore, f (x, y, z) admits a explicit linear Pfaffian R-representation for all degree 5 ≤ d ≤ 25.
Example 2.1. Consider an arbitrary homogeneous polynomial f (x, y, z) in R[x, y, z] of degree d = 5. Instead of the notation Θ i jk , we simply enumerate their coefficients, e.g. Let we consider the 10 × 10 skew-symmetric matrix 
where m r = a r x + b r y + c r z. In this case
Since Pf (M) = f (x, y, z), by equaliting the correnponding coefficients, we obtain a linear system of equations where the Θ i 's are parameters: We can solve linear system (S ′ ) by using e. 
